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The phenomenon of Tollmien—Schlichting wave generation in a boundary layer by
free-stream turbulence is analysed theoretically by means of asymptotic solution of
the Navier—Stokes equations at large Reynolds numbers (Re — o0). For simplicity
the basic flow is taken to be the Blasius boundary layer over a flat plate. Free-stream
turbulence is taken to be uniform and thus may be represented by a superposition
of vorticity waves. Interaction of these waves with the flat plate is investigated first.
It is shown that apart from the conventional viscous boundary layer of thickness
O(Re'/?), a ‘vorticity deformation layer’ of thickness O(Re~!/4) forms along the flat-
plate surface. Equations to describe the vorticity deformation process are derived,
based on multiscale asymptotic techniques, and solved numerically. As a result it is
shown that a strong singularity (in the form of a shock-like distribution in the wall
vorticity) forms in the flow at some distance downstream of the leading edge, on the
surface of the flat plate. This is likely to provoke abrupt transition in the boundary
layer. With decreasing amplitude of free-stream turbulence perturbations, the singular
point moves far away from the leading edge of the flat plate, and any roughness on
the surface may cause Tollmien—Schlichting wave generation in the boundary layer.
The theory describing the generation process is constructed on the basis of the
‘triple-deck’ concept of the boundary-layer interaction with the external inviscid flow.
As a result, an explicit formula for the amplitude of Tollmien—Schlichting waves is
obtained.

1. Introduction

Laminar—turbulent transition is an extraordinarily complicated process, consisting
of a great number of competing events. The initial process is the transformation
of external disturbances into internal instability oscillations of the boundary layer,
taking the well-known form of Tollmien—Schlichting waves. In relatively quiet flows,
the initial amplitude of these waves is insufficient to provoke immediate transition.
Tollmien—Schlichting waves must first amplify in the boundary layer to trigger non-
linear effects, characteristic of the transition process. Numerous experiments have
clearly revealed that the extent of the amplification region, and hence the location
of the ‘transition point’ on the body surface, is strongly dependent not only on the
amplitude and/or the spectrum of external disturbances but also on their physi-
cal nature. Some of the disturbances easily penetrate into the boundary layer and
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turn into Tollmien—Schlichting waves; others do not. To study these differences, the
boundary-layer receptivity to external disturbances was proposed by Morkovin (1969)
as a key problem in the laminar—turbulent transition process. The main objective of
the investigations in this field is the determination of the amplitudes of generated
Tollmien—Schlichting waves, and as a result the elucidation of which types of external
disturbances can more easily provoke Tollmien—Schlichting waves.

From the mathematical point of view, the receptivity issue appears to be even
more difficult than the stability problem. The latter is often associated with the
solution of the Orr—Sommerfeld equation, while the former involves the solution of a
boundary value problem for the Navier-Stokes equations. To date, direct numerical
simulation of the full Navier-Stokes equations appears to be exceedingly difficult as
far as unstable boundary-layer flows at high Reynolds number are concerned. On the
other hand, asymptotic methods are well-suited for this type of problem.

The first paper where asymptotic techniques were used to solve a receptivity problem
was published by Terent’ev (1981). His analysis was devoted to Tollmien—Schlichting
waves generated by a vibrator installed in the boundary layer on the body surface.
The classical experiments of Dryden (1956) and Schubauer & Skramsted (1948)
were the first to generate Tollmien—Schlichting waves in a wind tunnel by means of
a vibrating ribbon. This technique is simple, and still used to provoke Tollmien-
Schlichting waves. In the theoretical analysis of Terent’ev (1981), the role of the
vibrator was modelled by a short, flexible section of the body surface, and to describe
the Tollmien—Schlichting wave generation process, he used an unsteady version of
triple-deck theory. It was shown previously by Lin (1946), Smith (1979) and Zhuk &
Ryzhov (1980) that this provides the asymptotic description of Tollmien—Schlichting
waves near the lower branch of the boundary-layer neutral stability curve. To satisfy
the restrictions of triple-deck theory, the (non-dimensional) longitudinal extent ¢ of
the vibrating part of the body surface was chosen to be £ = O(Re~*/%), while the (non-
dimensional) frequency of oscillation w = O(Re'*), where Re is Reynolds number.
As a result of this analysis, an explicit formula may be obtained for the amplitude of
a Tollmien—Schlichting wave propagating in the boundary layer, downstream of the
vibrator. This problem was extended into the nonlinear regime by Duck (1985), a
study which indicated that finite-time breakdowns are a common occurrence in flows
of this type. This latter work was extended into the three-dimensional regime by
Duck (1990).

The problem of Tollmien—Schlichting wave generation by sound was first con-
sidered by Fedorov (1982), who analysed the interaction of acoustic waves with
a growing boundary layer on a flat-plate surface. As a result it was shown that
the non-uniformity of the boundary-layer flow, being especially significant near the
leading edge, leads to the scattering of acoustic waves into instability waves of the
boundary layer. The generation of Tollmien—-Schlichting waves via the interaction of
an external acoustic field with a wall roughness element was investigated by Ruban
(1984) and independently by Goldstein (1985). Effective transformation of external
disturbances into Tollmien—Schlichting waves is possible if resonance conditions are
satisfied. For boundary-layer flows, the resonance between external disturbances and
internal instability waves supposes coincidence not only of frequencies, but also of
wavenumbers. This coincidence may easily be achieved in the problem considered
by Terent’ev (1981) since the frequency of the vibrating section of the surface and
its extent may be chosen independently. If an acoustic wave plays the role of the
external perturbation, it is possible to choose its (non-dimensional) frequency to
be w = O(Re'*), but then the wavelength of the disturbance is much larger than
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that appropriate to Tollmien—Schlichting waves. In order to introduce the neces-
sary lengthscale into the problem, Ruban (1984) and Goldstein (1985) supposed that
the body surface was not absolutely smooth, and the acoustic wave interacts with
a stationary disturbance provoked in the boundary layer by wall roughness. The
effective generation of Tollmien—Schlichting waves was shown to take place if the
(non-dimensional) length ¢ of the roughness is O(Re™*/%). Similar ideas have been
used by Ryzhov & Timpfeev (1995), who analysed the interaction between a single
vortex and local roughness. The above analysis was for a linearized, steady basic flow,
together with a linearized unsteady perturbation. This problem was extended to the
case of a non-linear steady, basic flow, subject to linearised unsteady perturbations
by Bodonyi et al. (1989), whilst the fully non-linear version of this problem was
treated by Duck (1988), who showed that finite-time breakdowns were likely for this
problem, also.

An extremely important paper by Goldstein (1983) considered how boundary-layer
growth effects, interacting with acoustic free-stream waves could also account for the
seeding of Tollmien—Schlichting waves, without the need for any form of flat-plate
surface distortion. This paper showed how initially decaying eigensolutions then
developed progressively smaller wavelengths downstream of the plate leading edge,
and eventually the growing Tollmien—Schlichting mode is triggered. The work of
Goldstein & Leib (1993a,b) and Goldstein, Leib & Cowley (1992) is also relevant in
this context.

It is well known from experimental observations that the laminar-turbulent transi-
tion process is sensitive not only to wall vibrations and/or acoustic fields, but is also
strongly affected by free-stream turbulence. In the present paper Tollmien—Schlichting
waves generated in boundary layers by external turbulent perturbations are analysed
theoretically. The most ‘aggressive’ part of the turbulent spectrum, corresponding to
vorticity waves with (non-dimensional) frequency w = O(Re'/*) is considered. Since
the vorticity waves propagate along the boundary layer with the free-stream velocity,
their (non-dimensional) wavelength 1 = O(Re™'/%) again appears to be much greater
than the wavelength of Tollmien—Schlichting waves. For this reason it may be an-
ticipated that wall irregularities, even if they are small, are very important for the
Tollmien-Schlichting wave generation process. In the present paper the analysis is
carried out for a single wall roughness element with (non-dimensional) longitudinal
extent £ = O(Re=>/%). Thus the formulation of the problem (§2) resembles that
considered by Ruban (1984) and Goldstein (1985) for acoustic waves. The essential
difference between acoustic and vorticity waves is that the latter do not create a pres-
sure gradient at the outer edge of the boundary layer (assuming linear perturbations)
and so do not provoke flow oscillations inside the boundary layer.

The analysis is carried out for small-amplitude (¢} of free-stream turbulence per-
turbations. The paper consists of two major parts. In §3 the process of vorticity
waves deforming near the flat-plate surface and their subsequent penetration into the
boundary layer is investigated. The problem was first considered by Hunt & Graham
(1978), who supposed that the free-stream turbulence is uniform and so may be
represented as a superposition of sinusoidal vorticity waves. Since the corresponding
velocity field does not automatically satisfy the impermeability condition on the flat-
plate surface, the flow near the flat plate must be considered. Hunt & Graham (1978)
carried out their analysis based on the inviscid Euler equations. With the assumption
that the vorticity field is not influenced by the wall and so is just the same as in the
free-stream, it is shown that a vortex layer forms along the flat plate. Its thickness is
of the same order of magnitude as the (non-dimensional) wavelength of the vorticity
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wave, namely A = O(Re~!/4). Near the bottom of this layer, velocity fluctuations
take on their maximum amplitudes, but the pressure gradient remains zero. Investi-
gation of the flow inside the Blasius viscous boundary layer of thickness O(Re™'/?)
was carried out by Guliaev et al. (1989). They found that velocity perturbations
decay rapidly within an intermediate viscous layer located near the outer edge of the
Blasius boundary layer. As a result of their analysis Guliaev et al. (1989) arrived
at the conclusion that turbulent perturbations do not penetrate into the bulk of the
boundary layer and for that reason Tollmien—Schlichting waves cannot be generated.

In the present paper we will show that this conclusion is somewhat premature.
As was pointed out by Kerschen (1991), generation of Tollmien—Schlichting waves
may be associated not only with a penetration of external perturbations into the
boundary layer and subsequent interaction of the boundary-layer oscillations with
wall roughness, which is the case, for example, for the scattering of acoustic per-
turbations into Tollmien—Schlichting waves. Tollmien—Schlichting waves may be also
generated from the interaction of oncoming free-stream oscillations with stationary
perturbations produced by wall roughness outside the boundary layer. While such
an interaction is known to be very weak for other applications of triple-deck theory
when all the notable perturbations are concentrated in the near-wall viscous sublayer
(see, for example, Sychev et al. 1987), it might become the leading-order process if
the boundary layer is exposed to external flow vorticity waves. Another effect that,
despite its importance, has not been considered in previous studies is the vorticity
field deformation near a rigid-body surface. It leads not only to the amplification
of velocity oscillations at the outer edge of the boundary layer, but also to the
formation of pressure oscillations in the inviscid turbulence deformation layer and,
consequently, in the viscous flow inside the boundary layer. In §3 it is shown that the
flow structure in the vicinity of the flat plate is four-tiered. It consists of (i) an inviscid
vortex layer which will also be called the vorticity or turbulence deformation layer,
its (non-dimensional) thickness being O(Re~!/4), (ii) the Blasius boundary layer with
thickness O(Re~!/?), (iii) a near-wall Stokes sublayer where y = O(Re™*8) and (iv) an
intermediate oscillatory shear layer of thickness 4y = O[(Relog Re)™'/?] between the
inviscid vortex layer and the Blasius boundary layer.

The process of vorticity field deformation in the vortex layer is described by the
Helmholtz equation (3.10) (all quantities are defined fully in §3)

dw dw 6w1

) =4+ U,— o LV = P
Here the role of time is played by the ‘slow’ spatial variable X measuring the distance
along the flat plate on the scale which is e~! times longer than the wavelength of
the vorticity wave. If the amplitude e of free-stream perturbations is O(Re 1/4),
then at a finite distance from the leading edge, this process leads to a singularity in
the flow outside the boundary layer, which may be anticipated to cause an abrupt
laminar—turbulent transition in the boundary layer.

On the other hand, if the amplitude of external turbulence perturbations is small
enough, the singular point moves downstream and the process of Tollmien—Schlichting
wave generation appears to be important. This is investigated in §4 where the flow
in the vicinity of wall roughness is considered on the basis of triple-deck theory. It is
interesting that in the present case nonlinear effects leading to Tollmien—Schlichting
wave generation take place in the upper deck of the triple-deck structure, while the
near-wall viscous sublayer flow remains linear. It is also interesting that despite the
differences in the physical processes leading to the generation of Tollmien—Schlichting

=0. (1.1)
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FIGURE 1. Basic layout.

waves by external vorticity waves on the one hand and by wall vibrator, considered
by, for example, Terent’ev (1981, 1984), on the other hand, the mathematical problems
describing the processes may be reduced to one another. Therefore the results of
Terent’ev’s (1981, 1984) analysis may be directly used for our purposes. In addition
to that it is also shown in §5 that an explicit general formula may be derived for
the amplitude of Tollmien—Schlichting waves generated via the interaction of external
turbulence perturbations, with stationary boundary-layer perturbations around the
roughness.

2. Formulation of the problem

Consider the incompressible viscous fluid flow over a semi-infinite flat plate aligned
with the mean velocity vector upstream of the flat plate (figure 1). We denote the
free-stream velocity value by U,, and pressure by p,. Suppose that there is a small
roughness element on the plate surface, a distance L. downstream from the leading
edge, and introduce Cartesian coordinates (Lx, Ly), where x is measured along the
flat plate from its leading edge and y is the normal coordinate. Let (Ugu, Uov) be
the velocity components in this coordinate system, and p,, + pUZ%p be pressure. The
density p of the fluid and the viscosity coefficient i are both assumed to be constant.
With time defined as (L/U,y)t the Navier—Stokes equations take the form

ot éx 0y  dx Re\dxt 0y*)°
a_u+u_qli+va_u__@+_l_ (_92_04_@ (2.1)
ot ' dx  dy  dy  Re\dx?  ay?)’ ’
o
ox oy
where the Reynolds number
Re = PUxL
U

is taken to be large in the following analysis.
We represent the solution for (2.1) in the free-stream by the asymptotic expansions

u=1+eu(t,x,y) + m,xy) +...,
v =€0,(t,X,7) + 0,5, X, V) + ..., (2.2)
p = 651(2’ x’ ?) + ezp‘Z(E’ x’ ?) + M

where the scaling Re™!/4 is used for both time and the spatial coordinates, namely

t=Re %, x=ReV*%, y=Re . (2.3)



346 P. W, Duck, A. I. Ruban and C. N. Zhikharev

This satisfies the resonance condition for the external perturbation frequency to
coincide with that of internal Tollmien-Schlichting waves near the lower branch of
the boundary-layer stability curve. The amplitude of the perturbations € is assumed
to be small compared with unity.
Substitution of (2.2), (2.3) into (2.1), to leading order leads to the linearized Euler
equations
oy 0uy op, Odv, 0Dy op, duy 07
- AT Y T, - ~— =, R - = O 24
it e @ Tax oy ox oy (2:4)
It follows from (2.4) that the vorticity, defined by
__ 0vp  0uy
=—_——— 2.5
(L)) 0% ay » ( )
is function of ¢ =X —t and ¥ only.
Since the free-stream turbulence is taken to be uniform, the vorticity field may be
expressed as a superposition of periodic functions of £ and y:

0 = Z e 4 cc, (2.6)
wp

9 being the amplitude of the corresponding harmonic and o, f denote the (real)
wavenumbers in the X- and y-directions respectively, and where c.c. denotes the
complex conjugate.

It follows from (2.5), (2.6) and the continuity equation (2.4) that the velocity
components in the free-stream flow take the form

_ 1ﬁa)1 i@ +5Y)
Z 2T ,B2 +c.c,

- _ 00! sy
1= Z me + c.C..
B

2.7)

<

Substitution of (2.7) into (2.4) leads to the conclusion that there can be no pressure
gradient in the free-stream to leading order, and so

Jp op

PPy

ox 0y

The quadratic terms in (2.2) are described by
ou, 0y ou,  _ou_ 0p,
7 ox % e e
502 802 5171 551 apZ

¥ + == ox +u IE_H)I’@?:_F?—’ (2.8)
@ s _ 0
ox dy

>

The solution of (2.8) depends on the specific form of (2.6). If ‘convective gusts
are considered, where the vorticity field is represented by just one harmonic, we may
write

@) = ) +cc,
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and then the pressure gradients are both zero in the second approximation also, i.e.
9 _ 9P _
0x 0y ’
On the other hand, if we take the combination of two symmetrical harmonics
@1 = %D | 0@ | o
where the amplitude o is real, then the pressure gradient takes the form

P 8(w?)’ap? 0, _ 8(w})’ o’ _
% (24 sin 2a¢, 7 (@4 B ﬂz)z sin 2fy.

it will be shown in §3 that the vorticity field deformation near the surface leads to
a non-zero pressure gradient dp,/0X at the outer edge of the boundary layer, even if
the free-stream perturbations take the form of ‘convective gusts’. In the vicinity of
the wall roughness both longitudinal velocity components outside the boundary layer
and the pressure gradient inside the boundary layer oscillate in time with frequency
w = Re'*a, but it is necessary to keep in mind that the amplitude of the velocity
oscillations outside the boundary layer is O(e), while the pressure oscillations have
an amplitude O(e?), which therefore cause only O(e?) velocity oscillations inside the
boundary layer.

In order that Tollmien—Schlichting waves be generated, these temporal oscillations
must be accompanied by spatial perturbations in the boundary layer, with appropriate
longitudinal extent. If the extent is taken to be O(Re™>/?), then the wavenumber
coincides with that of Tollmien—Schlichting waves. Thus resonance conditions will be
satisfied if the wall roughness has the form

y = Re™>8F ( -1 ) (2.9)

Re-3/8

where generally the function F = O(1) for finite values of its argument. Analysis of
the flow in the vicinity of the roughness is presented in §4.

3. Flow behaviour upstream of the roughness

Since the free-stream velocity field (2.7) does not satisfy the impermeability condi-
tion on the flat-plate surface, a vortex boundary layer forms near the wall. It occupies
a narrow strip along the flat plate, with thickness of the same order as the wavelength
of the free-stream vorticity wave, namely y = O(Re~/*). Two physical processes
must be taken into account in the analysis of this region. First, there is an almost
immediate modification of the velocity field owing to the impermeability condition
and, second, a very slow process of deformation of the vorticity field, associated with
a slow movement of fluid particles with respect to the free-stream mean velocity.

For these reasons, the solution in the vortex layer (region 1 in figure 2) may be
expressed in the form of the following multiscale asymptotic expansions:

u=1+€eU,L%X,y)+ U, %,X,7) +..
= eV (,%,X,9) +Va(1,%, X, ) + .. (3.1)
p=€eP,(t%,X,7) +EP26% X, 7) +...

where fast variables ¢,X,7 are just the same as in the free-stream flow, namely (2.3),
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FIGURE 2. Layout of asymptotic regions; the characteristic thicknesses of the regions are
1: O(Re™Y%), 2: O(Re™'/?), 3: O(Re™/8), 2': O(Re~'/? [log Re}™V/?%).

while the slow variable X is defined by
X = eRe'/*x. (32)

Substitution of (3.1) into the Navier-Stokes equations (2.1) leads to the linearized
Euler equations

oU,  oU, oP, oV, oV, 0P, aU; 0V,

G tE ST ata o w8
Cross-differentiation of the first two equations shows that the vorticity
ov, aU,

is a function of X,& =X —17 and y only.
If w, were known, the velocity field could be determined as follows. Based on the
continuity equation in (3.3), we introduce the stream function y; such that

77 oy oy
U = — =_—_I .
1 a? > Vl 0% (3 5)
Substitution of (3.5) into (3.4) leads to the equation
oty | 0%y
LA 3.6
axz 3?2 ), ( )
which must be subject to the impermeability condition on the flat plate surface
p;=0 at y=0 (3.7)

The matching condition with the longitudinal velocity component in the free-stream
flow (2.7) leads to

%, Bl -
aiyl = Z Lwl—e‘("‘f‘“ﬁ” +cc as y — . (3.8)

In order to find the vorticity w;, consider the second-order equations in the vortex
layer, namely
0U,  0U,  oU, - 8U, — dU, _ P, 0P, )
TR Sy AT
oV, oV, oV, = dVy — dV, opP,
- — + U — =" 39
a_l:+a_z+5z_Y+ 1(355+V15? 55 (3.9)
ou, oU, oV, _ 0
oX ox o0y
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The expansions (3.1) are assumed to be uniformly valid with respect to X. For this
reason we seek the solution in which not only U;, Vy, but also U,, V, are functions
of ¢ =X —1,X and y. Taking this restriction into account, we can easily obtain from
the momentum equations in (3.3) that

0P, 0P,

——=—=—=0.

0x oy
The first two terms in both the longitudinal and the lateral momentum equations

in (3.9) cancel for the same reason, and cross-differentiation of the residual terms
leads to the vorticity evolution equation

This must be solved subject to the following initial condition at the leading edge of
the flat plate:

w = Z co?ei("‘“m +cc. at X =0, (3.11)
ap
where the vorticity evolves from the unperturbed free-stream state (2.6).

The boundary value problem is then represented by a combination of (3.6)—(3.8)
and (3.10)—(3.11). In order to describe the Tollmien-Schlichting wave generation
process, we need to know the solution in the vortex layer near the roughness location
x = 1. In accordance with (3.2), the slow variable X at this point is X = eRe!/%.
Therefore, depending on the ratio of the free-stream perturbation amplitude € and
its first critical value €' = Re V4 the solution for small, finite or large values of X
may be required.

Suppose, first, that ¢ is small compared with ¢*. In that case the solution for
(3.5)-(3.8), (3.10), (3.11) may be expressed in the form of Taylor expansions

o =w10(¢,¥) + Xou &,y + ..., (3.12)
Y1=v10(&7) + Xpul&,y) +... (3.13)

Since equation (3.10) is nonlinear, the solution must be dependent on the nature of
the superposition in (2.6). If a simple ‘convective gust’ flow is considered then

w10 =@ L e, (3.14)
o [€7 =]
P10 = 0 W e +c.c (3.15)
and
. ?? -
Wy = —(io? — aﬂ)iag ;)ﬂz g~ Pel2x+AY)
.2 w?w_(l) 7 iBy
—(i® + aﬂ)m—z—e_”e‘ﬁy +cc. (3.16)
: 0.0
ST @ )
a (0?)?

(B + 3ia) (a? + B2) e e e G47
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such that the pressure gradient appears to be

= 0y22i¢ _ ‘p iy — o
?& O‘(wl) € l: 2 ey 4 < 1p—a + o ﬂ) e('ﬂ_“)yJ + c.c. (3.18)

x 2+ |f+ 3 B+ 3ix | a—if

This tends to zero at the outer edge of the vortex layer, as § — oo, and takes the form
oP 202 SN2 0\
0Py _ 2ola PVIO) owe | o (3.19)
0x (B + 3i)(e? + f2)
near the bottom of the vortex layer. -
It is now routine to extend the above series in X to higher order; however for finite
values of X the solution of (3.5)—(3.8), (3.10) and (3.11) must be obtained numerically.
Two numerical approaches were adopted. The first was a spectral scheme, based
on a Fourier series representation in the £-direction, which automatically ‘built in’
the periodic nature of the flow. We write

o1(X,7,&) = Z (7, X )™, (3.20)
Z Pu(F, X)e™, (3.21)

and so (3.6) reduces simply to
(2),, = ﬁ’nﬁ - aznzﬁjm (322)

whilst (3.10) may then be written in the form

8cun

= Z i [Prrig @ — PmOnemy] = 0. (3.23)

m=—a0

This particular numerical scheme then proceeded by the use of second-order central
finite differencing in y, (implicit) Crank-Nicolson second-order differencing in X,
together with truncation of the series (3.20), (3.21) at n = £N. The boundary
conditions appropriate to this system are that all {, are bounded as y — oo and

Pu(y =0)=0 Vn (3.24)

Taking the convective gust problem (on which we focus most of our attention,
although conceptually there is littie difference in taking the more general class of
free-stream disturbance), then we have that as ¥ — oo

Wy =0 for n#+1, (3.25)

but

Although this scheme did provide accurate solutions at small and moderate values
of X, after some investigation it was found that at larger values of X, the truncation
errors associated with this scheme became increasingly large, and substantially larger
values of the parameter N were required in order to maintain accuracy which in turn
demanded the use of smaller values of the step size 4X ; correspondingly, substantially
longer computing times were then necessary. In an attempt to resolve this difficulty,
the scheme was modified to a pseudo-spectral scheme, in which the solution in spectral
(n) space was fast-Fourier transformed into physical (£) space, in which the nonlinear
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FiGURE 3. Wall vorticity distributions (1 = w(y =0)) fora =1, =0.

(convolution) terms were evaluated, and then fast-Fourier transformed back into
spectral (n) space. However this scheme was susceptible to aliasing errors, which were
difficult to control.

As an alternative to the above procedures, the solution was also carried out using
a fully second-order finite-difference scheme. In order to improve accuracy, two
coordinate mappings were implemented, one of the form £ = f({), the other of the
form ¥ = g(n). The problem in terms of # and { may then be stated in the form

1"

1 1 4

together with
/ ’ 6601
f Qg (ﬂ)a—y + yiwi — oy =0, (3.28)
with appropriate (periodic) boundary conditions in {. This technique then allowed
‘bunching’ of grid points close to ¥ = # = 0 and also close to some specified {(&)
location, once a finite-difference approximation had been made.

In the case of the spectral method, typically we took N = 120, with a transverse grid
that extended to y = 10, with 301 grid points, and a ‘time’ step of AX = 0.005. For the
fully finite-difference scheme, we generally took 641 points in {, 321 points in #, with
a grid that extended out to y ~ 20 in the physical coordinate, with AX = 0.005. We
carried out detailed computations for two sets of data. The first corresponds to a = 1,
B = 0. Results for the wall vorticity (shear) distribution with ¢ at selected values of X
are shown in figure 3. Note that for these data, there exists symmetry/antisymmetry
about £ = +n/2, a feature of the solution that our finite-difference scheme was able
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to exploit, by halving the computational domain. Figure 3 reveals very clearly the
development of an increasing steepening of the wall-vorticity distribution, strongly
pointing to the development of a shock-like distribution forming at some finite value
of X = X, centred around the point ¢ = £, = n/2. Indeed, this point is significant,
corresponding exactly to the point where the vorticity is zero (for all X), which
significantly in turn corresponds to effectively a stagnation point lying on the wall
surface. Indeed, the maximum amplitude of the vorticity is always bounded (as it
must be) whilst the vorticity at ¢ = &;, ¥ = 0 must always remain zero on account of
the antisymmetry about this point, which in turn leads to the fact that & remains a
stagnation point.

Figure (4a-c) shows contours of constant vorticity throughout the flow-field, at
selected values of X. These reveal a ‘pinching’ of the vorticity contours close to
& = 1/2, as the critical value of X is approached. Figure 5 shows the development of
dw; /0E(E = n/2,7 = 0) and dU, /0E(¢ = /2,y = 0) with X. These results reinforce
the concept of the development of a short lengthscale around & = n/2; it does appear
that the singularity in the vorticity distribution is considerably stronger than in the
streamwise velocity distribution. This point is important in developing an analytic
description of the singular behaviour of the flow.

The second case considered was « = f§ = 1. Results for the wall vorticity distribution
are shown in figure 6. In this case the symmetry arguments are no longer appropriate.
From these results, it is again clear that a shock-like structure in the wall vorticity
is developing, this time close to ¢ = & = n/4, at which point again, the vorticity
remains constant for all X, although in this case the vorticity is non-zero there;
however this point does correspond to a stagnation point of the flow field. Note that
in the general case stagnation points occur at ¢ = 1/aarctan(e/f). This arises because
onjy=0, ¥V, =—y; =0 for all X, whilst U;(} =0,X =0)=y;;() =0,X =0)=0
provided ¢ = 1/aarctan(a/f) (see (3.15)). However by (3.10) we then see that
0w, /0X(y = 0,X = 0) = 0 at this point, and so w; remains initially unchanged
at this point. However the additional constraint of periodicity in ¢ leads to the
conclusion that dw,/6X = U; = ¥, = 0 at this point for all X. This conclusion is
confirmed at the second order in X, as shown by (3.16); consequently all effective
stagnation points remain effective stagnation points, and the value of the vorticity,
w, at these points remains constant. Figure 7a—c shows the lines of constant vorticity
throughout the flow field, and again the pinching behaviour close to £ = £; is seen to
develop as X increases. The development of w:(¢ = &,7 = 0) and u;:(¢ = £,y = 0)
are shown in figure 8.

The nature of this singularity is of great interest. It is very clear from our numerical
results that (i) a small streamwise scale emerges close to the singular point ¢, when
X approaches the critical value X; (ii) the vorticity w; remains bounded; (iii) the
strength of the singularity of the derivative of the wall vorticity is substantially greater
than that of the streamwise velocity; and (iv) the singularity occurs at the stagnation
point located on the wall. Guided by the above, one plausible structure is as follows.
We write

o3 6 - és

(=—
where 7 = X, — X and y is an index which is to be determined. It would appear that
the only sensible rational solution development takes the form

: (3.29)

A

o
oy = 228 / 8D + P, 9) + .., (3.30)
0
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FiGure 6. Wall vorticity distributions for x = 1,8 = 1.

where ) = y/7'"!, and
oy = wp + &y + Pt (3.31)

(where wjo = 209 cos(a&;) is a constant) which leads to the system
A A A j’ A A AA A
“/«f(ﬁy+¢’1,;=g;=)+(V—1)}7(éuw+w1ygg)+§u(u9+wlg,§3)—/ udP(Clyy+P25) = 0. (3.32)
0

Implementation of the y = 0 boundary condition leads to the result that &f;_o = —7,
whilst as |&] — oo,
The determination of y must be obtained from the solution to the full system (3.27)-
(3.28); our numerical solution, although unable to accurately determine the numerical
value of y because of numerical difficulties, does indicate values in excess of ‘4’ in
the case of « = 1, and f = 0. Indeed, the relative largeness of this value is to a
large extent responsible for the difficulty in its accurate determination, because of
the corresponding large solution gradients, which in turn lead to a large numerical
dissipation, which obviously becomes compounded as the location of the breakdown
is approached. Indeed there are a number of similarities here with the difficulties
associated with the numerical solution of Burgers’ equation, which has some obvious
similarities in form with our system.

We now consider the effects of a walil roughness element located upstream of the

singular point, i.e. X = €Re!/* at the roughness location is smaller than X then
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FIGURE 7 (a, b). For caption see facing page.
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the analysis of the Tollmien—Schlichting waves generation process is appropriate.
This requires a knowledge of the velocity and the pressure fields near the roughness
element. In the vortex layer (region 1 in figure 2) these take the form

u_1+eU1(£Yf)+62Uz(éY?)+
v=eV(&,X y)+62V2(~f X9 +..
p=¢€PyE X, V) +

(3.34)

All the terms Uy, U,, V4, V3, P, etc. in the asymptotic expansions (3.34) are periodic
functions of £. For example, the pressure near the bottom of the vortex layer may be
expressed in Fourier series form

oo
Py8.X,0)= ) P(X)e™. (335)
n=—00
Similarly, we can write
[*e]
U(,X,0) = Z Un(X)e™¢, (3.36)

where
P_, =cc.P,, Uiy =ccUyp,

The stationary boundary-layer flow upstream of the roughness may be described by
the Blasius solution

u=Uy(x,Y)+..., v=Re VVy(x,Y) +
where Y = Re!/?y and
U =), Vo=—ix"VAf—nf) n=Re"215, (337)

with the function f(n) representing the solution to the Blasius equation

f"+31"=0, f(O=f(0)=0, f(o)=1.

It follows from the matching condition with the solution (3.34)—(3.36) in the vortex
layer that the non-stationary flow in the boundary layer takes the following asymptotic
form:

u=Uy(x,Y)+eUi({,x,X,Y) +...,
v=ReV?Vy(x,Y )+ eRe V4V (E,x,X,Y) +..., (3.38)
p=€PyE,X, YY)+
Substitution of (3.38) into the Navier-Stokes equations (2.1) leads to

oU; BU,, oUu;y o
U = —_— —_ = .
(Up —1)—+ 5 +Visy 0, PR + =5 0, (3.39)
or by eliminating 60U, /0¢&
oV, oU,
(Up — I)BY VIaY =0,

which is equivalent to

d Vi
W(U,,—J =0
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This equation may be integrated, and with the impermeability condition at the wall
namely V; = 0 at Y = 0, leads to the conclusion that V; is identically zero in the
boundary layer. Further, it easily follows from (3.39) that dU,;/d¢ must also be zero
and so no oscillatory term of O(e) may exist in the asymptotic expansion (3.38) for
the longitudinal velocity component u in the boundary layer.

In order to smooth out this jump in the O(¢) longitudinal velocity oscillations in the
outer vortex flow, which are not present inside the boundary layer, an intermediate
shear layer (region 2’ in figure 2) must be introduced near the outer edge of the
boundary layer. If the O(e?) terms are included in the asymptotic expansions (3.38)
for u and v, then the boundary layer by itself divides into two parts, region 2 and
region 3 (see figure 2). Region 2 is the bulk of the boundary layer where the flow
appears to be effectively inviscid with respect to high-frequency oscillations. Region
3 is a thin viscous Stokes layer which serves to satisfy the no-slip condition on the
surface.

Consider first the intermediate viscous layer 2. Here a new normal variable j is
introduced as follows (see Guliaev et al. 1989)

y = Re V2 [Yy(x, Re) + 8(x, Re) ], (3.40)

where the ‘centreline’ Yy and intermediate layer thickness & are to be determined.
As the intermediate layer is located near the outer edge of the boundary layer and
viscous forces must be significant, it is reasonable to expect that Yy — oo and § — 0
as Re — oo

The velocity components in region 2’ may be written in the form

u= U, +601(§,x,7,j)) +...,
v = Re V2V, + edRe V4V (E,x, X, D) +...,

where the leading-order terms U, and V, again represent the Blasius stationary
solution (3.37). It is known that near the outer edge of the boundary layer

(3.41)

A (n— ’11)2}
Uy=1- exp |— +..., (3.42
' P { 4 :
with A ~ 0.46 and #n; =~ 1.72, and # is defined below.
In order to determine Y, and J in (3.40), a balance of longitudinal and transverse
inertial terms with the viscous term in the longitudinal momentum equation (2.1) has
to be considered, i.e.

A

U 1 .dU, €0
1/4 R D Nt N 14 _- L 0 © 1
€Re (Ub 1) Ox e€oRe Y7 V1 d11 52 6)‘)2 .
Taking into account the asymptotic behaviour of U, as indicated in (3.42), and
taking

(3.43)

_Yo+4y
IV
it can be easily shown that (see Guliaev et al. 1989)
2
Yo(x, Re) = no(Re)x'’?,  (Re) = ;
no(Re)

with no satisfying the transcendental equation

nge"g/“ = 4A4Re'/4,
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and so

ng = LlogRe—3loglogRe+... as Re— o

It should be noted here that the nonlinear terms in the longitudinal momentum
equation are O(e’Re'/*), and so comparing linear and nonlinear terms, it can be
shown the condition (3.43) that controls the location and thickness of the intermediate
layer is valid provided

€ < niRe 4, (3.44)

If € > O(n3Re /%), the resultant problem for the intermediate layer is nonlinear
in general and so requires a more complicated analysis. Since our purpose is to
verify the principal possibility for Tollmien—Schlichting waves to be generated by
free-stream turbulence, in the subsequent analysis we have assumed that in sublayer
2’ the perturbation amplitude is small enough to satisfy (3.44). Hence, the problem
for region 2’ may be reduced to

a0y 1800 1 s 820

eV Y”W“@?“LW"W V‘:_ay_Z’
R . (3.45)

o0, o _,

o8 8y

Since equations (3.45) are linear, it is convenient to seek solutions in the form of
Fourier series

0= 3 Unx X9, V=3 VX, 9)em. (3.46)
n=— n=-ao

Each Fourier mode may then be treated independently, and so from (3.45), (3.46)

Vi 1V, . a0V, 1 4
L 4 inae (——1-+;T/EV1,,) =0. (3.47)

893 | x172 992 ER)

Without loss of generality we may assume « > 0. The boundary conditions for
(3.47) arise from matching with the solution in the bulk of the boundary layer (region
2 in figure 2)

Viw—0 as y — —oo, (348)
and also matching with the solution represented by (3.34), (3.36) in the vortex layer
(region 1)

vy,
oy
Introducing the new independent variable

— —inaU,(X) as P — +oo. (3.49)

z= 2(ianx)e_?/(2"m),
the solution for (3.47)-(3.49) may be expressed in terms of Hankel functions H(()” and
Héz):

00
171”(2) = 2nnocx1/2U1,,(Y)zz/ z_3H((,l)(z)dz for n>0, (3.50)

z

Vin(z) =0 for n=0, (3.51)
o0
Via(z) = —Znn(xxl/zUl,,(Y)zz/ z3HP(2)dz for n<O. (3.52)

z
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L

Figure 9. Triple-deck structure.

Using the asymptotic behaviour of Hankel functions as z — co along arg(z) = n/4 for
n > 0 (or along arg(z) = —n/4 for n < 0) it can be shown that unsteady perturbations
of O(€) do not penetrate into the main part of the boundary layer, but rather exhibit a
rapid exponential decay within the intermediate layer, as y — —oo. Similar behaviour
of pulsatory shear layers was shown to exist by Smith, Doorly & Rothmayer (1990)
under quite different circumstances.

To formulate the boundary value problem for the triple-deck region in the vicinity
of the roughness, we need to know the solution in the Stokes layer. This may be
expressed in the form of the asymptotic expansions

u=Re VBUy(x,Y.) + 2Uy(E, X, V) +...,
v =Re33Vy(x,Y.) + e2Re BV (£, X, V) + ..., (3.53)
p =Py X,0)+...,

with the transverse variable

Y. = Re’3y. (3.54)
Substitution of (3.53) into the Navier—Stokes equations (2.1) shows that
Uo(x, Y.) = A(x)Y., (3.55)

where A(x) is the skin friction distribution along the flat plate in Blasius flow.
The oscillatory term U, in the longitudinal velocity component (3.53) may be
shown to be

U, = f: P.(X) { 1—exp {— (4na) > (1 — i)Y.] } e, (3.56)

n=—quo

where the P,(X) are defined in (3.35).

4. Flow around the roughness

As mentioned in §1, the flow in the vicinity of the roughness has a triple-deck
structure. This consists of a viscous near-wall layer (region 4 in figure 9), wherein y =
O(Re™%/?), the bulk of the boundary layer (region 5) with thickness y = O(Re~'/2) and
the external region 6, where y = O(Re~3). The generation of Tollmien—Schlichting
waves may result from the nonlinear interactions of the stationary flow perturbations
around the roughness with the oscillating flow arising from the vorticity wave outside
the boundary layer (in region 1 in figure 2) and boundary-layer oscillations, especially
in the Stokes layer (region 3), upstream of the roughness. Under normal circumstances,
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nonlinear effects are important only in the near-wall region 4, but the vorticity wave
provokes very small oscillations in the Stokes layer compared with the oscillations
outside the boundary layer. Consequently, as far as the Tollmien—Schlichting wave
generation process is concerned, the role of nonlinear processes in region 6 may be
more important than their role in the viscous sublayer 4.

The criterion may be ascertained in the following way. The pressure gradient in the
vorticity wave leading to the flow oscillations in the Stokes layer may be estimated as

op €
S —_— . 4.1
O0x 0 (Re“/“) (41)
On the other hand, an oscillating pressure gradient is also generated locally in the
upper deck (region 6) owing to superposition of the stationary perturbations which
are such that
u = O(Re™'/%), (4.2)
whilst the perturbations in the vorticity wave (in accordance with the solution repre-
sented by (3.34)) are such that
u = 0(e). (4.3)
The pressure perturbations may be estimated from the product of (4.2) and (4.3), and
SO
p = O(eRe™ /%)
Since the characteristic longitudinal scale of the stationary velocity perturbations (4.2)
is Ax ~ Re~¥8, the pressure gradient

op eRe /4
A — 1. 4.4
ox 0 < Re—3/8 (44)
Comparison of (4.1) and (4.4) shows that there is a critical value of the amplitude
€ = Re /8,

If the amplitude € of the vorticity oscillations in the free stream is small compared
with €™*, then the contribution of the upper deck in the Tollmien—Schlichting wave
generation process is more important than the contribution of the viscous sublayer.
If € 1s greater than €™, then nonlinear effects in the viscous sublayer are dominant.
Since the wall roughness is taken to be upstream of the singularity in the vortex
layer flow, ie. X = eRe!/* < X, in what follows the amplitude of free-stream
perturbations € is taken to be O(Re™!/*) or less. In this case the condition (3.44) is
satisfied automatically and e appears to be much smaller than €. Consequently the
nonlinear interaction of the triple-deck flow with the near-wall Stokes layer (region 3
in figure 2) takes no part in the Tollmien-Schlichting wave generation process.
Consider the flow in the viscous near-wall layer (region 4), where

y = Re™?Y., t = Re /4, x =14 Re 3x.. (4.5)
The velocity components and the pressure have expansions
u = Re 'BUj + Re V/4Ug, + Re™3/BUG, + eRe AU + ...,
v=ReBV; + Re™ 2V + Re™/3 V5, + eRe™8V] + ..., (4.6)
p = Re™'/*P; + Re™3 /8Py, + Re /2Py, + eRe™ V4P + ...

Here the first three terms represent stationary flow over the roughness, and therefore
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U, V; and Pg; with i = 0,1,2 depend on x.,Y. only. The fourth terms Uy, ¥y and
P; describe non-stationary perturbations and depend on ¢, x., Y.. In the subsequent
analysis only the leading-order stationary terms Ug, Vy, Py and the first unsteady
perturbations Uj, V;, P; are of significance as their interaction can produce Tollmien—
Schlichting waves. Upon substituting (4.5), (4.6) into the Navier-Stokes equations
(2.1) the following equations are obtained:

au; | .0Uy  aP; 38U
Urffo et . “Yo 0
°Fx. O3V, ox. | ov2’ 47)
0P _o 0Us 0V g |
oY. = ox. oY.
and
ou; ,.oU; | oU; o .aU; | .eU;  oPr | 'U;
- % vrigo = —
o U TV ey P ey T e T 43)
oP; _, OUp Vi _ '
ay. 7 ox. oY.

These equations must be solved with the no-slip and impermeability boundary con-
ditions on the rigid-body surface (2.9)

Up=Vs=Ui=V =0 at Y.=F(x), (49)

and matching with the solution (3.53)—(3.56) in the Stokes layer upstream of the
roughness (region 3 in figure 2) leads to

Uy > Y., U -0 as x.—> —oo. (4.10)

It is straightforward to show that near the outer edge of region 4, the solutions of
(4.7), (4.8) may be expressed in the form

. . . dA;
Uy =AY + Ag(x) + ..., V0=—Y.dx°—+-...,
_ 0A;
Ul =AjEt,x)+..., V;=—Y'5—1+..., (4.11)
Xa

as Y. — oo.

Functions A4 and Aj] are displacement functions, and represent the displacement
effect of the boundary layer on the external flow. These functions, as well as the
pressure gradients 0P; /0x. and 0P /0x. in (4.7), (4.8) are unknown a priori .

In order to match with the viscous sublayer solution (4.6), (4.11) the solution in
the bulk of the boundary layer (region 5 in figure 9) where y = Re™'/2Y must be
expanded in the form

u=Uy(Y)+Re BU %x.,Y)+... + eRe7VBUNE,x., Y) + ...,

v=Re A*VOx,,Y)+...+ eRe™V*VI(t,x., Y) + ..., (4.12)
p=ReV4P%x.,Y)+...+eRe V4P, x., V) +....

In the expressions above, U,(Y) is the Blasius velocity profile at x = 1 and only the

leading-order stationary terms and the leading-order unsteady terms are indicated, all
others being omitted for brevity.
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Upon substitution of (4.12) into (2.1) and matching with the solution (4.6), (4.11)
in the viscous near-wall region 4, it is easily verified that

1. ) 1dA; )
(ﬂ:z%uqmum vw:~1mfmum P° = P;j(x.), (4.13)
and
1 .. , 104} .
UlzzﬂaJJUAYL Vlz—za;UuYL P! = P/(t,x.), (4.14)

where P; and P; are the corresponding terms from the pressure expansion (4.6) in
region 4 (see figure 9). These are independent of the normal variable Y. in this region,
while P° and P! do not vary transversely across region 5.

Consider now the external region 6 (figure 9), where y = Re™3/y,. It follows from
matching with solution represented by (3.34) for the turbulence deformation layer,
that velocity components and pressure in region 6 must be sought in the form

u =1+ Re V4 (x., y.) + €U [Eo(F), X0,0] + ... + €eRe VAUl (E, x0, yo) + ...,
v = Re Y4u5(xe, yo) + ... + €Re™ V40 (£, 3, pu) + ..., (4.15)
p=Re Ap5(x.,y.) + ...+ Re3Bpi(t, xu, ya) + ...

The leading-order term in the longitudinal velocity component expansion (4.15)
corresponds to the uniform undisturbed flow outside the boundary layer, the Re~!/*ug
term represents stationary perturbations produced by the roughness, while the €U,
term represents flow oscillations in the vorticity wave just at the roughness location.
This is a function of time only, with £y(¢) being defined as

So(t) =X — ¢,

and constants X, X, are then X- and X-coordinates of the roughness ‘center’. Sta-
tionary flow over the roughness is described by ug, vg, py, While only the leading-order
stationary terms have been included. The terms uj, v{, p] appear in (4.15) as a result of
nonlinear interactions between stationary perturbations and oscillatory fluctuations
of the flow, and so their order of magnitude eRe !/ is simply the product of the
order of magnitude of the stationary perturbations (Re~!/#) and the amplitude of the
turbulent oscillations (e).
Substitution of (4.15) into (2.1) gives
Oug z_ap{,, dvg =*8p5, Ouy + dvg —0. (4.16)
0x. ox.”  0x. 0y.. 0x. Oy
The boundary conditions for (4.16) are the usual conditions of disturbance attenuation
far from the roughness:

(UG, v5,p5) = 0 as  x2+y? — oo, (4.17)

and the matching condition with the solution (4.13) in the bulk of the boundary layer
leads to
b _1d4g
07 Adx.

at y.=0. (4.18)
The oscillatory terms satisfy

du;  0Op; T Ouy ov;  0p] + 0vg ou; O]
=-U; =2, ~U, 2, st S et |
0x.  Ox. 0x. 0x.  dy. 0x. 0x. Oy

=0. (419)
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The condition of attenuation is similar to (4.17), namely
(uj,v;,p]) >0 as xZ+y?— . (4.20)

Equation (4.19) also requires a boundary condition on y. = 0, similar to (4.18).
The straightforward procedure to formulate the condition consists of matching of the
expansion (4.15) with the solution in region 5’ (see figure 9), which represents the
continuation of the intermediate layer 2’ (figure 2) into the triple-deck region. The
solution in region 5 in turn should be matched with the solution (4.12)-(4.14) in the
bulk of the boundary layer (region 5 in figure 9). Meanwhile it is easily seen that
there is no need to follow this lengthy procedure. One can simply take into account
that the displacement thickness of the boundary layer in the triple-deck region is
influenced only by the viscous near-wall sublayer 4, where the fluid velocity is small
and the flow reveals high sensitivity to the pressure variation along streamlines. In
the bulk of the boundary layer the fluid velocity is an order of magnitude greater
than in the sublayer and so, in spite of its relatively large thickness, the bulk of the
boundary layer (region 5) does not contribute to the displacement thickness of the
boundary layer as a whole. In region 5’ the velocity is of the same order of magnitude
as that in region 5, but the thickness is smaller. For this reason region 5 will not
produce any effect on the displacement thickness. This implies that the slope of the
streamlines v/u near the bottom of region 6 has to coincide with the slope v/u of the
streamlines at the outer edge of region 5 (see figure 9). Using expansions (4.15) for
region 0 and (4.12)—(4.14) for region 5, the matching procedure results in

. 104] 11— .. - = . dA]
v = —1551 - IUl[fo(f),Xo,O] dx?

The boundary-value problem (4.16)-(4.18) for the external inviscid region 6 con-
sidered together with (4.7), (4.9)-(4.11) for viscous sublayer 4, constitutes the leading-
order interaction problem describing the stationary flow over the roughness, while
(4.19)—(4.21) coupled with (4.8)—(4.11) represent the interaction problem for oscillatory
perturbations around the roughness.

at y. =0. (4.21)

5. Tollmien—Schlichting wave generation

If the scaled height of the roughness, i.e. F(x.) in (2.9), is O(1), the leading-order
stationary perturbations are governed by (4.7) with (4.9) and (4.10). Such nonlinear
and complicated flow fields, which can involve separation phenomena, require a fully
numerical investigation. Although the problem of receptivity in the presence of the
backflow is interesting, it is beyond the objectives of the present investigation. On
the other hand, if the characteristic height of the roughness may be taken as a small
parameter, subsequent linearization leads to an analytic solution. We therefore write
the roughness geometry as

F(x.) = hF*(x.), (5.1)

and allow h — 0.
In accordance with the representation (5.1), the solution for leading-order stationary
equations (4.7), (4.9)-(4.11) in the near-wall region 4 (figure 9) may be written as

Uj = AYa + WA AU (x, Y) +..., Vg =hA*Vo(x,Y)+...,
P; = hAY2Py(x) + ..., Ay = hA A Ag(x) + ..., (5.2)
X. = A34x, Y. = A4y, F* = 273/ f(x).
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Here asymptotic expansions valid for small # have been combined with an affine
transformation to exclude the constant A from the equations for both the viscous
near-wall region 4 and the external inviscid region 6 (see figure 9). The corresponding
expressions for region 6 are

uy = hA2ug(x, ) + ..., vy = hA20o(x, ) + ...,
po = hiV 2 po(x,y) + ..., y. = A4y, (5.3)
Substitution of (5.2} into (4.7), (4.9)—(4.11) results in
U, dPy, U, oU, Vo
Y 224 Vy=——2 20420 =,
ax TS T ey e Ty
Up=—f(x), Vo=0 at Y =0, (5.4)

Uy—>0 as x— —ow; Uy=Ag(x)+...a8 Y — 0.

Equations (5.4) do not form a closed boundary-value problem. They must be
augmented with

po  Ppo_
ox2  0y? ’
po—0 as x*+)’ > oo, (5.5)
ﬁpo d2A0
- de =0

which may be obtained by substituting (5.3) into (4.16)—(4.18) and subsequent elimi-
nation of uy and vy from the equations of motion.

If the displacement function Ay(x) were known, then equations (5.5) could be used
to find the pressure po(x, y) everywhere in region 6 and, particularly, at the outer edge
of the boundary layer. Since the pressure does not change across the boundary layer,
in region 4

Po(x) = po(x,0). (5.6)

Similarly, to determine the behaviour of non-stationary perturbations in the inter-

action region, it is necessary to solve the following system for region 4:

oU; oUu, 0P, 0*U, ou, ov;
bt} iy, =2t it RIS
Yoo ThETn T e Tay Y .
U=V, =0 at Y =0, (5.7)
U —-0 as x—o —oo; U; > A44(t,x) as Y — +oo,
combined with
o Pp_
ax2  dyr
pr—0 as x*+y° > oo, (5.8)

%1 _ T4
dy  ox?

via the pressure equality

R o
+2U1(50,X,0)~A° at y=0,
dx?

Py(t, x) = pl(t’ X, 0)’ (59)
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where
=213
It is seen that the stationary problem (5.4)—(5.6) is similar to the problem considered

by Stewartson (1970) and may be solved by means of Fourier transforms. Following
Stewartson’s argument it can be easily shown that the solution of (5.4)—(5.6) gives

[ k)

AR = = Ak (/3

where A" (k) is the Fourier image of the displacement function

- 1 * —ikx
A0 = s [ Aoie P,
and f**(k) is similarly the Fourier image of the wall roughness, and the appropriate
root of (ik)"/? is chosen with the branch cut taken along the positive imaginary axis,

as standard. -
Turning to the unsteady problem (5.7)-(5.9) (remembering that U; in (5.8) is a
periodic function of time), and using the substitution &y(f) = Xo— A"/t in (3.36) gives

[e0]
T1(&o(1), X0,0) = Y Tyn(Xo)e" e, (5.10)
Since the problem (5.7)—(5.9) is linear, each mode becomes decoupled, and we may
therefore treat each value of n in isolation, or more specifically consider
T1(80(1). Xo,0) = Tia(Xo)e" e 4 Ty_py(XoJe ™ 0e™ ™, (5.11)
where UI(_,,) is the complex conjugate of Uj,, and then (5.11) may be rewritten in the
form
Ui(&o(1), Xo,0) = Re (Be'), (5.12)
where Re denotes the real part of the expression in the braces, amplitude B is defined
as
B = 2U1(_n)(Y0)e_ina;0,
and the frequency of oscillation is
w = nod~Y2,

With the function U (&(t), X, 0) defined by (5.12) and a known leading-order sta-
tionary displacement thickness distribution Ag(x), the unsteady interaction problem
(5.7)-(5.9) takes the form which may be shown (with the help of the Prandtl transpo-
sition theorem) to be equivalent to the problem considered by Terent’ev (1981,1984)
in his analysis of Tollmien—Schlichting wave generation by a vibrating wall. The
method of Fourier transformations is again applicabie.

The unsteady pressure, which arises as a result of the interaction between pertur-
bations of the form (5.12) in the vortex boundary layer and the displacement due to
the roughness, may be found from (5.8) to be

Py* = K] (47 (K) + 2BA; (k) . (5.13)
After Fourier transformation, equations (5.7) become
o*u;”

. Utll Y'kU“ th — _'th‘ D
1wl +YkU,; + V), 11+8Y2’
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N
WU + 5 =0,

with
Vit=U"=0 at Y =0,

- - (5.14)
U > AT +... as Y - .

The analysis is routine (see for example Terent’ev 1981, 1984; Goldstein 1985), and
may be completed using Airy functions, leading to the result that

(ik )3 |k| / ooAi(z)dz
AT (k) = ) (ZO°, B 2BAY (k) (5.15)
where
0(zo,k) = Ai'(zo) — (k) k| / Ai(z)dz, (5.16)

and zp = w/k(ik)'3. Knowing A4y"(k) and A (k) it is easy to obtain other flow
quantities, for example we may write

Plu(k) = Pl.l‘(k) + P1.2.(k): (5.17)
where
i1/3k7/3/ooAi(z)dz
Pii(k) = 2BIkiAy (k), Piy(k) = Wzmg;(m. (5.18)

In principle, all flow quantities may be calculated by means of inverse Fourier
transformation. In particular, the pressure takes the form

Pi(t,x) = Re (aiw' (2;)1 5 [ / P (k)e**dk + / P;;(k)eik*de. (5.19)

Following Terent’ev (1981), we subdivide the contour of integration in (5.19) into
two parts, namely the negative real semi-axis C; and the positive real semi-axis C,.
Using Cauchy’s theorem, we replace the integral along C, with the integrals along
Cy and Cj as shown in figure 10. Correspondingly, the integration along C, may be
replaced with the integration along C; and Cg. Suppose further that the function
f(x), representing the shape of the wall roughness has a Fourier image f**(k) which
may be analytically continued from the negative real semi-axis into the region inside
the first closed contour and from the positive real semi-axis into the region inside
the second contour. In that case the only singularities we have to take into account
having changed the integration are the poles of P;; located at points where

O(zg,k) = 0. (5.20)
Equation (5.20) represents a dispersion relation connecting wavenumbers and fre-
quencies of the ‘eigen’ oscillations of the subsonic boundary layer in the vicinity of
the lower branch of the neutral-stability curve (Lin 1946) at large Reynolds number.
The properties of relation (5.20) are well-known and may be found, for example, in
Zhuk & Ryzhov (1980), Terent’ev (1981), and Duck (1990). It is known that the
dispersion relation (5.20) has an infinite set of roots k;(w), all of which except the first,
k;(w), being located above the real axis for all w, and it is k(w) that is responsible
for the generation of Tollmien—Schlichting waves. If @ is smaller than the ‘neutral
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FiGure 10. Integration contours

stability’ value w. &~ 2.298, then k;(w) is located above the real axis (see figure 10).
But as w grows the first root k;(w) moves toward the lower half-plane, crossing the
real axis at k; =~ —1.0005 where v = w..

It is clear from consideration of the above that the integration along the negative
real axis in I; may be replaced by an integration along the contour C; which
always contains the ‘unstable’ root ki(w) (but none of the other, stable roots). The
contribution from this pole is

i3k [ Ai(z)dz

— 1/2 4 **(k i{wt+kix)
Fo=Re | Om o rd ek 240 K1)
where
d . < ) w
d—le“(Zl,kO = %11/3](11/3 (2/ Ai(z)dz 4 z; Ai(z,)(1 — ]?)> ,
zy 1
w
- ik 1/3
z] _—kl(w)( (@),
and
) = — k)

1— {33 (1/3)/3%3

6. Concluding remarks

The analysis in the present paper reveals that the generation of Tollmien—Schlichting
waves by free-stream turbulence differs considerably from their generation by sound
(see Ruban 1984 and Goldstein 1985). Acoustic waves are known to exist due to the
periodic compression and expansion of the medium, and so the pressure oscillations
are an intrinsic feature of a flow involving acoustic perturbations. These easily
penetrate into the boundary layer causing the longitudinal velocity component to
oscillate in the Stokes layer near the flat-plate surface. Nonlinear interaction of
the Stokes layer oscillations with stationary flow perturbations provoked by wall
roughness in the viscous sublayer of the triple-deck structure leads to Tollmien—
Schlichting wave generation.

Vorticity waves do not produce pressure oscillations (at least, to the leading order
of magnitude), and so do not cause perturbations inside the boundary layer. Velocity
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oscillations at its outer edge cannot penetrate into the bulk of the boundary layer.
These decay rapidly in the intermediate shear layer between the boundary layer and
external inviscid flow. This shear layer occupies a strip of characteristic thickness
O[(Relog Re)~'/?] at a distance O{Re /*(log Re)"/?] from the wall. As a result the
viscous sublayer (the lower deck of the triple-deck structure) on the surface of the wall
roughness is not affected by the vorticity waves. On the other hand, the roughness
produces the flow perturbations not only inside the boundary layer, but also outside
the boundary layer, in the upper deck of the triple-deck structure. These stationary
perturbations interact with the velocity oscillations in the vorticity waves leading to
Tollmien-Schlichting wave generation.

Another interesting point is the existence of the ‘turbulence deformation layer’,
where the nonlinear process of the vorticity field modification near the flat-plate
surface takes place. Ultimately, this leads to a shock/discontinuity type singularity in
the flow some distance downstream of the plate leading edge. There has been much
interesting work carried out on the occurrence/non-occurrence of singularities of the
Euler equations (see for example Tanveer & Speziale 1992), although the location of
the (effective) stagnation point on the flow boundary does have a profound effect on
the flow. This singularity may be interpreted as the formation of a strong vortex, and
it is likely that its influence on the flow in the boundary layer may cause an ‘abrupt’
laminar-turbulent transition. Since the slow variable X in equation (3.10) is related to
the amplitude € of the free-stream perturbations by equation (3.2), the ‘soft’ transition
via generation of Tollmien—Schlichting waves must be expected for small €, while the
‘abrupt’ transition is more likely to occur when ¢ is relatively high. Another point
regarding this region is that there is some possibility that it may be linked in some
way with the eigensolutions found by Brown & Stewartson (1973a,b), pertinent to
eigensolutions concentrated in the outer region of the boundary layer. This will be
the subject -of further investigation.
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